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I. Introduction
The purpose of this article is to define a prime semigroup as well as a prime group
according to the traditional definition for prime numbers. And from these definitions we
establish a special relation between them.
I. Preliminaries
1. Prime semigroups

By a semigroup, we mean a nonempty set X with an associative binary operation,

i} Any two elements x,yeX imply xyeX.

i) For any x,y,z€X, (xy)z=x(yz).

A semigroup is said to be finite if the number of elements of it is finite, otherwise,
it is infinite. In particular, a semigroup which contains only one element is said to be
trivial, ’

For any semigrotp X, the following properties hold true:

(1.1) For any a€X, we have
aMat=g ™*® apd (a™)D==gmn
where m and n are any posititve integers.
(1.2) If a=Db then ca=cb and ac=bc, where a,b,ceX.

In fact, a nonempty subset A of a semigroup X may happen to be a semigroup under
the same operation. In this case, we say that A is a subsemigroup of X. In particular,
any semigroup is a subsemigroup of itself.

From the above definition and (1.1), we can easily prove the following lemma:

Lemma (1.1). Let X be a semigroup. Then for any x&X, the subset
A={x¥k=123,...} is a subsemigroup of X. In particular, B={x*|k=23,4,...} is also a

subsemigroup of X. .

Next, let us consider a particular element which may occur in a semigroup X. By an
idempotent, we mean an element a&€X such that a®=a. In general, it is possible that a
semigroup may contain more than one idempotent.

Lemma (1.2). The element u is an idempotent of a semigroup X if and only if {u} is
a trivial subsemigroup of X.

Theorem (1.1) Every finite semigroup X contains an idempotennt.
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Proof: We prove this by finite induction. If X is trivial, then from lemma (1.2) we
can prove that the only element of X is an idempotent of X. Next, assume that every
finite semigroup, whose number of element is less than n, contains an idempotent. Now,
we shall try to prove that under this assumption a semigroup X of order n (containing
n elements) also contains an idempotent. For this purpose, let x&€X. By lemma (1.1), it
foollows that:

A= {x*[k=234,...}
is a subsemigroup of X.
Let us consider the following possible cases:

1) ¥ x&A, then A is a proper subsemigroup of X whose order is less then n. By
assumption, A must contain an idempotent. It follows immediately that X has an idempotent.

2) Otherwise, x=x* for some kk>2. If k=2 then x=x% so x is an idempotent of X
When k>2 we have

Xk—lxk—l:XZI{—zzxkxk—Z:xxk-—2:Xk—1-

This implies that %% is an idempotent of X. Hence we complete this theorem. |

Definition (1). A semigroup is said to be prime if and only if it has only triviai
subsets and itself as its subsemigroups. In other words, a prime semigroup has no proper
subsemigroup other than trivial subsemigroups and itself.

2. Prime Groups
By a group, we mean a semigroup X which satisfies the following two conditions:
1) There exists a unique element e=X such that
ex=xe=x for every x&X,

i) For every x&X, there is a unique element x'&X ‘such that
x"lx=xx"1=e.

*For convenience, define x’=e.
According to the definition of groups, any group is a semigroup. But the converse is not
true. We say that a group is finite if it is a finite semigroup, otherwise, it is said to be infinite.
For any group X, the following properties hold true:
(2.1). For any aeX, we have
amat==g™*n  apnd (a™)D=a™?,
where m and n are any integers.
(2.2). Let ab,c, be any elements in X. Then
a=b iff ca=cb and ac=hc.

In fact, & subsemigroup A of a semigroup X may happen to be a group. In this
case, we say that A is a subgroup of X. In particular, if X is a group then {e} and X
are both subgroups of X. We call them a trivial subgroup and the improper subgroup of
X respectively. The other subgroups of X (f any) are called proper subgroups.

Lemma (2.1). Let X be a group. Then the element e is the only idempotent in X.

Proof: Assume that a is an idempotent of X. Then by poperty (2.1), it follows
that:

a=afal=aal=e. |

From Lemmas (1.2) and (2.1), we obtain:
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Lemma (2.2.). Every group has one and only one trivial subsemigroup, that is {e}.

Theorem (2.1). Every subsemigroup of a finite group X is a subgroup of X.

Proof: Let A be a subsemigroup of X. Then A is finite. By theorem (1.1}. and
lemma (2.1), it follows readiy that A contains e, the neutral element of X,

Next, we have to prove that every x€A implies x '€ A. Clearly e l=e=A. Let x€A
and x#e. Since X is finite, there must exist a positive integer k>1 such that x*=e. For
if not, then x"#e for every positive integer n. But X is a finite group, so we can find
two powers of x such that x?=x9, where p>q. By property (2.2), it follows that xP 2=e,
contradicting our assumption. By property (2.1), we have

xl=xk-l1E A,

Hence we complete this proof. |

Definition (2). A group is called a prime group if and only if it is finite and has
only {e} and itself as its subgroups. In other words, a prime group is a finite group which
has no proper subgroup other than the trivial subgroup and itself.

In particular, a trivial group is considered as a prime group.

III. Theorem. A semigroup is prime if and only if it is a prime group or has at
mest two elements.

Proof: We shall prove this theorem in two parts:
1. Necessity. Let X be a prime semigroup. To prove that X is a prime group or has at
most two elements, one of the methods is to consider the following two possible cases:
1) If every element of X is an idempotent, then for any two distinct elements a, beX,
there are only three cases which the product of a and b may occur. That is:
i) If the product of a and b is equal to either a or b, then {a, b} is a subsemigroup
of X. It follows readily that {a, b} =X.
i) Assume ab=a, (or=b) and ba=c for some c&X. Then
ac=a (ba) = (ab)a=aa=a%?=a and
ca= {ba)a=bha’=ba=c.
““From 1), it follows that{a, ¢} =X.
iii) Assume ab=c and ba=d for some c¢,d=X. Then
da= (ba)a=ba?=ba=d.
From i) and ii) it follows that{a,d} =X
Hence, in the case 1), X can possess at most two elements.
2) Otherwise, let x be an element of X which is not an idempotent. Then x%#x. By
lemma (1.1), we know that
A= {xkk=1,23,..}
is a subsemigroup of X which contains at least two distinct elements, i. e, x and
%2 Since X is prime, so A must be equal to X.
Furthermore, there exist two powers of x in A which represent the same element in
X. For if not, then all powers of x are distinct and A is infinite. Thus, the subsemigroup
B={x"|k=234,...}
is a proper subsemigroup of X. This is contradictory to our assumption that X is
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prime.

Now, let m be the smallest integer such that x*=x™for some r>m and consider the
following possible cases for r:

1) If r=m+1, then m must be greater than 1, (since x#x%, and by property (L.1)

we have
+p— — —D—1 +1 o D — — — +1
PUREEP U Chh U e Sl SEESS (i T i Gt Lo
ie. x3=x™ for all s2m+1.....coiiiiiian. (*1)
Since

2m—1= (m+1) + (m—2) >m+1,
so from (*1) there results
xM-lgm — g Mym=] — y2m=1—xm,
It follows that{x™"% x™} is a subsemigroup of X. Hence {x=1, x=}=X.
This proves that X contains at most two elements.
ii) Otherwise, the subset
C={x™*]i=0,1,2,....r—1}
contains at least two distinct elements, i,e,x®#x? if m<p<r. Now, we will try to prove
that C is a subsemigroup of X. For this purpose, let r=m-d for some d such that 1<d<r.
As we know, for a given positive integer p there exists a unique positve integer k, 0<k<d,
such that p=qd+k. It follows that
XEHP = Pyt = xHUym Ik @Dy mebd kb (Q-Ddym = || = ykym = gmtk
ie. x°€C for all sZ>T.coiniiiiieiinninnnin, (2%)
From (2%), it is easily seen that C is a subsemigroup of X. Since X is prime, it follows
that C=X and x=x* for some x*&C. Hence, m must be equal to 1. Therefore, we have
X={xx2x5...,x*"1} and x*=x.
Finally, we complete this proof by proving X is a finite group. Since
i) xrixk=xkxr-l=xxk-l=xk k=123....r—1, this proves that x*! is the neutral of X.
ii) For any positive integer p, I<p<r—1, there exists a unique positive integer q,
such that ptrg=r—1, where 1<g<r—1. It follows that
XIXP == xPyI=xPta=xT~1
this proves that every element of X has a unique inverse.
Hence X is a finite group. From definitions (1), (2) and theorem (2.1), it follows
immediately that X is a prime group.
2. Sufficiency.
If X is a semigroup which contains only two elements, then the result is obvious.
Assume that X is a prime group. Then it is finite. f A is a subsemigroup of X,
then by theorem (2.1) and definition (2), A must be equal to either the trivial subgroup
or X. Hence X is a prime semigroup according to definition (1).]
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The purpose of this article is to define a prime semigroup as well as a prime group according
to the traditional definition for prime numbers. And from these definitions we establish a special

relation between them.



